R. Cont and A. de Larrard [5] introduced a tractable stochastic model for the dynamics of a limit order book, computing various quantities of interest such as the probability of a price increase or the diffusion limit of the price process. As suggested by empirical observations, we extend their framework to 1) arbitrary distributions for book events inter-arrival times (possibly non-exponential) and 2) both the nature of a new book event and its corresponding inter-arrival time depend on the nature of the previous book event. We do so by resorting to Markov renewal processes to model the dynamics of the bid and ask queues. We keep analytical tractability via explicit expressions for the Laplace transforms of various quantities of interest. We justify and illustrate our approach by calibrating our model to the five stocks Amazon, Apple, Google, Intel and Microsoft on June 21 st 2012. As in [5] , the bid-ask spread remains constant equal to one tick, only the bid and ask queues are modeled (they are independent from each other and get reinitialized after a price change), and all orders have the same size.
Introduction
Recently, interest in the modeling of limit order markets has increased. Some research has focused on optimal trading strategies in high-frequency environments: for example [8] studies such optimal trading strategies in a context where the stock price follows a semi-Markov process, while market orders arrive in the limit order book via a point process correlated with the stock price itself. [2] develops an optimal execution strategy for an investor seeking to execute a large order using both limit and market orders, under constraints on the volume of such orders. [13] studies optimal execution strategies for the purchase of a large number of shares of a financial asset over a fixed interval of time.
On the other hand, another class of articles has aimed at modeling either the high-frequency dynamics of the stock price itself, or the various queues of outstanding limit orders appearing on the bid and the ask side of the limit order book, resulting in specific dynamics for the stock price. In [7] , a semi-Markov model for the stock price is introduced: the price increments are correlated and equal to arbitrary multiples of the tick size. The correlation between these price increments occurs via their sign only, and not their (absolute) size. In [4] , the whole limit order book is modeled (not only the ask and bid queues) via an integer-valued continuous-time Markov chain. Using a Laplace analysis, they compute various quantities of interest such as the probability that the mid-price increases, or the probability that an order is executed before the mid-price moves. A detailed section on parameter estimation is also presented. For a more thorough literature on limit order markets, we refer to the above cited articles and the references thereof.
The starting point of the present manuscript is the article [5] , in which a stochastic model for the dynamics of the limit order book is presented. Only the bid and ask queues are modeled (they are independent from each other and get reinitialized after a price change), the bid-ask spread remains constant equal to one tick and all orders have the same size. Their model is analytically tractable, and allows them to compute various quantities of interest such as the distribution of the duration between price changes, the distribution and autocorrelation of price changes, the probability of an upward move in the price and the diffusion limit of the price process. Among the various assumptions made in this article, we seek to challenge two of them while preserving analytical tractability:
i) the inter-arrival times between book events (limit orders, market orders, order cancellations) are assumed to be independent and exponentially distributed.
ii) the arrival of a new book event at the bid or the ask is independent from the previous events.
Assumption i) is relatively common among the existing literature ( [9] , [12] , [3] , [6] , [11] , [15] , [4] ). Nevertheless, as it will be shown later, when calibrating the empirical distributions of the interarrival times to the Weibull and Gamma distributions (Amazon, Apple, Google, Intel and Microsoft on June 21st 2012), we find that the shape parameter is in all cases significantly different than 1 (∼ 0.1 to 0.3), which suggests that the exponential distribution is typically not rich enough to capture the behavior of these inter-arrival times.
Regarding Assumption ii), we split the book events into 2 different types: limit orders that increase the size of the corresponding bid or ask queue, and market orders/order cancellations that decrease the the size of the corresponding queue. Assimilating the former to the type "+1" and the latter to the type "−1", we find empirically that the probability to get an event of type "±1" is not independent of the nature of the previous event. Indeed, we present below the estimated transition probabilities between book events at the ask and the bid for the stock Microsoft on June 21 st 2012. It is seen that the unconditional probabilities P (1) and P (−1) to obtain respectively an event of type "+1" and "−1" are relatively close to 1/2, as in [5] . Nevertheless, denoting P (i, j) the conditional probability to obtain an event of type j given that the last event was of type i, we observe that P (i, j) can significantly depend on the previous event i. For example, on the bid side, P (1, 1) = 0.63 whereas P (−1, 1) = 0.36.
Microsoft Bid Ask P (1, 1) 0.63 0.60 P (−1, 1) 0.36 0.41 P (−1, −1) 0.64 0.59 P (1, −1) 0.37 0.40 P (1) 0.49 0.51 P (−1) 0.51 0.49
Estimated probabilities for book event arrivals. June 21 st 2012.
On another front, we will show that we can obtain diffusion limit results for the stock price without resorting to the strong symmetry assumptions of [5] . In particular, the assumption that price increments are i.i.d., which is contrary to empirical observations, as shown in [7] for example.
The paper is organized as follows: section 2 introduces our semi-Markovian modeling of the limit order book, section 3 presents the main probabilistic results obtained in the context of this semi-Markovian model (duration until the next price change, probability of price increase and characterization of the Markov renewal process driving the stock price process), section 4 deals with diffusion limit results for the stock price process, and section 5 presents some calibration results on real market data.
A Semi-Markovian modeling of limit order markets
Throughout this paper and to make the reading more convenient, we will use -when appropriate -the same notations as [5] , as it is the starting point of the present article. In this section we introduce our model, highlighting when necessary the mains differences with the model in [5] .
Let s t , s a t , s b t be respectively the mid, the ask and the bid price processes. Denoting δ the "tick size", these quantities are assumed to be linked by the following relations:
We will also assume that s b 0 is deterministic and positive. In this context, s a 0 = s b 0 +δ and s 0 = s b 0 + δ 2 are also deterministic and positive. As shown in [5] , the assumption that the bid-ask spread s a t − s b t is constant and equal to one tick does not exactly match the empirical observations, but it is a reasonable assumption as [5] shows that -based on an analysis of the stocks Citigroup, General Electric, General Motors on June 26 st 2008 -more than 98% of the observations have a bid-ask spread equal to 1 tick. This corresponds to a situation where the order book contains no empty levels (also called "gaps").
The price process s t is assumed to be piecewise constant: at random times {T n } n≥0 (we set T 0 := 0), it jumps from its previous value s T − n to a new value s Tn = s T − n ± δ. By construction, the same holds for the ask and bid price processes s a t and s b t . These random times {T n } correspond to the times at which either the bid or the ask queue get depleted, and therefore, the distribution of these times {T n } will be obtained as a consequence of the dynamics that we will choose to model the bid and ask queues. Let us denote q a t and q b t the non negative integer-valued processes representing the respective sizes of the ask and bid queues at time t, namely the number of outstanding limit orders at each one of these queues. If the ask queue gets depleted before the bid queue at time T n -i.e. q a Tn = 0 and q b Tn > 0 -then the price goes up: s Tn = s T − n + δ and both queue values (q b Tn , q a Tn ) are immediately reinitialized to a new value drawn according to the distribution f , independently from all other random variables. In this context, if n b , n a are positive integers, f (n b , n a ) represents the probability that, after a price increase, the new values of the bid and ask queues are respectively equal to n b and n a . On the other hand, if the bid queue gets depleted before the ask queue at time T n -i.e. q a Tn > 0 and q b Tn = 0 -then the price goes down: s Tn = s T − n − δ and both queue values (q b Tn , q a Tn ) are immediately reinitialized to a new value drawn according to the distribution f , independently from all other random variables. Following the previous discussion, one can remark that the processes q b t , q a t will never effectively take the value 0, because whenever q b Tn = 0 or q a Tn = 0, we "replace" the pair (q b Tn , q a Tn ) by a random variable drawn from the distribution f or f . The precise construction of the processes (q b t , q a t ) will be explained below.
Let τ n := T n − T n−1 the "sojourn times" between two consecutive price changes, N t := sup{n : T n ≤ t} = sup{n : τ 1 + ... + τ n ≤ t} the number of price changes up to time t, X n := s Tn − s Tn−1 the consecutive price increments (which can only take the values ±δ). With these notations we have:
Let us now present the chosen model for the dynamics of the bid and ask queues. As mentioned in introduction, we seek to extend the model [5] in the two following directions, as suggested by our calibration results: i) inter-arrival times between book events (limit orders, market orders, order cancellations) are allowed to have an arbitrary distribution.
ii) the arrival of a new book event at the bid or the ask and its corresponding inter-arrival time are allowed to depend on the nature of the previous event.
In order to do so, we will use a Markov renewal structure for the joint process of book events and corresponding inter-arrival times occurring at the ask and bid sides. Formally, for the ask side, consider a family {R n,a } n≥0 of Markov renewal processes given by:
For each n, R n,a will "drive" the dynamics of the ask queue on the interval [T n , T n+1 ) where the stock price remains constant. {V n,a k } k≥0 and {T n,a k } k≥0 represent respectively the consecutive book events and the consecutive inter-arrival times between these book events at the ask side on the interval [T n , T n+1 ). At time T n+1 where one of the bid or ask queues gets depleted, the stock price changes and the model will be reinitialized with an independent copy R n+1,a of R n,a : it will therefore be assumed that the processes {R n,a } n≥0 are independent copies of the same Markov renewal process of kernel Q a , namely for each n:
We recall that as mentioned earlier, we consider two types of book events V n,a k : events of type +1 which increase the ask queue by 1 (limit orders), and events of type −1 which decrease the ask queue by 1 (market orders and order cancellations). In particular, the latter assumptions constitute a generalization of [5] in the sense that for each n:
• V n,a k+1 depends on the previous queue change V n,a k : {V n,a k } k≥0 is a Markov chain. • the inter-arrival times {T n,a k } k≥0 between book events can have arbitrary distributions. Further, they are not strictly independent anymore but they are independent conditionally on the Markov chain {V n,a k } k≥0 . We use the same notations to model the bid queue -but with indexes a replaced by b -and we assume that the processes involved at the bid and at the ask are independent.
In [5] , the kernel Q a is given by (the kernel Q b has a similar expression with indexes a replaced by b ):
Given these chosen dynamics to model to ask and bid queues between two consecutive price changes, we now specify formally the "state process":
which will keep track of the state of the limit order book at time t (stock price and sizes of the bid and ask queues). In the context of [5] , this process L t was proved to be Markovian. Here, we will need to "add" to this process the process (V b t , V a t ) keeping track of the nature of the last book event at the bid and the ask to make it Markovian: in this sense we can view it as being semi-Markovian. The process:
constructed below will be proved to be Markovian.
The process L is piecewise constant and changes value whenever a book event occurs at the bid or at the ask. We will construct both the process L and the sequence of times {T n } n≥0 recursively on n ≥ 0. The recursive construction starts from n = 0 where we have T 0 = 0, s b 0 > 0 deterministic,
1) (and similarly for the ask). We will need to introduce the following processes for the bid side (for the ask side, they are defined similarly):
With these notations, the book events corresponding to the interval [T n , T n+1 ) occur at times T n +T n,b k (k ≥ 0) until one of the queues gets depleted, and N n,b t counts the number of book events on the interval [T n , t], for t ∈ [T n , T n+1 ).
The joint construction of L and of the sequence of times {T n } n≥0 is done recursively on n ≥ 0. The following describes the step n of the recursive construction:
T occurs at time T at the bid side.
there is no price change at time T and we have:
If on the other hand q b T − + v b n,T = 0, there is a price change at time T and the model gets reinitialized:
We then set T n+1 = T and move from the step n of the recursion to the step n + 1.
• For each T ∈ {T n +T n,a k } k≥1 , the book event v a n,T := V n,a N n,a T occurs at time T at the ask side. If q a T − + v a n,T > 0, there is no price change at time T and we have:
If on the other hand q a T − + v a n,T = 0, there is a price change at time T and the model gets reinitialized:
random variables, independent from all other random variables, with joint distribution f on N * ×N * , and {v b 0,k , v a 0,k } k≥0 are the i.i.d. random variables defined above. We then set T n+1 = T and move from the step n of the recursion to the step n + 1.
It results from the above construction and the Markov renewal structure of the processes {R n,a } n≥0 , {R n,b } n≥0 that the process L t is Markovian.
Since the processes {R n,a } n≥0 are independent copies of the same Markov renewal process of kernel Q a , we will drop the index n when appropriate in order to make the notations lighter. Following this remark, we will introduce the following notations for the ask, for i, j ∈ {−1, 1} (for the bid, they are defined similarly):
Throughout this paper, we will use the following mild technical assumptions:
Some brief comments on these assumptions: (A1) implies that each state ±1 is accessible from each state. (A2) means that each inter-arrival time between book events has a positive probability to be non zero, and (A3) constitutes a second moment integrability assumption on the cumulative distribution functions H a and H b .
Main Probabilistic Results
Throughout this section and as mentioned earlier, since the processes {R n,a } n≥0 are independent copies of the same Markov renewal process of kernel Q a , we will drop the index n when appropriate in order to make the notations lighter on the random variables T n,a k ,T n,a k , V n,a k (and similarly for the bid side).
Duration until the next price change
Given an initial configuration of the bid and ask queues (q b 0 , q a 0 ) = (n b , n a ) (n b , n a integers), we denote σ b the first time at which the bid queue is depleted:
Similarly we define σ a the first time at which the ask queue is depleted. The duration until the next price move is thus:
In order to have a realistic model in which the queues always get depleted at some point, i.e. P[σ a < ∞] = P[σ b < ∞] = 1, we impose the conditions:
These conditions correspond to the condition λ ≤ θ + µ in [5] , and the proof of the proposition below shows that they are respectively equivalent to P[σ a < ∞] = 1 and
The proposition below shows that if P a (1, 1) > P a (−1, −1), this quantity is strictly less than 1, and if P a (1, 1) ≤ P a (−1, −1), this quantity is equal to 1. We have the following result which generalizes the Proposition 1 in [5] (see also Remark .2 below):
Proposition .1. The conditional law of σ a given q a 0 = n ≥ 1 has a regularly varying tail with:
If P a (1, 1) < P a (−1, −1), we get:
.
Similar expressions are obtained for P[σ b > t|q b 0 = n], with indexes a replaced by b .
Remark .2. We retrieve the results of [5] : if P a (1, 1) = P a (−1, −1), then within the context/notations of [5] we get p a = 1/2 and:
and so α a (n) = n √ πλ . For the case P a (1, 1) < P a (−1, −1) (λ < θ + µ with their notations), we find:
which is different from the result of [5] that is β a (n) = n(θ+µ+λ) 2λ(θ+µ−λ) .. We believe that they made a small mistake in their Taylor expansion on page 10: in the case λ < θ + µ, they should find:
Proof. Let s > 0 and denote L(s, n, i) := E[e −sσa |q a 0 = n, V a 0 = i]. We have:
Therefore:
= m a (s, i, 1)L(s, n + 1, 1) + m a (s, i, −1)L(s, n − 1, −1)
Denote for sake of clarity a n := L(s, n, 1), b n := L(s, n, −1). These sequences therefore solve the system of coupled recurrence equations:
Simple algebra (computing a n+1 − m a (s, −1, −1)a n on the on hand and m a (s, 1, 1)b n+1 − b n on the other hand) gives us that both a n and b n solve the same following recurrence equation (but for different initial conditions): The parameter ∆ a (s) can be seen as a coupling coefficient and is equal to 0 when the random variable (V a k , T a k ) doesn't depend on the previous state V a k−1 , for example in the context of [5] .
If we denote R(X) the characteristic polynomial associated to the previous recurrence equation R(X) := m a (s, 1, 1)X 2 − (1 + ∆ a (s))X + m a (s, −1, −1), then simple algebra gives us:
Since m a (s, 1, 1) > 0, this implies that R has only one root < 1 (and an other root > 1):
Because we have a n , b n ≤ 1 for s > 0, then we must have for n ≥ 1:
The recurrence equations on a n , b n give us:
Finally, letting L(s, n) := E[e −sσa |q a 0 = n], we obtain:
The behavior of P[σ a > t|q a 0 = n] as t → ∞ is obtained by computing the behavior of L(s, n) as s → 0, together with Karamata's Tauberian theorem. By the second moment integrability assumption on H a (i, j, dt), we note that:
Now, assume P a (1, 1) = P a (−1, −1) = p a . A straightforward but tedious Taylor expansion of L(s, n) as s → 0 gives us:
The same way, if P a (1, 1) < P a (−1, −1), a straightforward Taylor expansion of L(s, n) as s → 0 gives us:
We are interested in the asymptotic behavior of the law of τ , which is, by independence of the bid/ask queues:
We get the following immediate consequence of Proposition .1:
Proposition .3. The conditional law of τ given (q b 0 , q a 0 ) = (n b , n a ) has a regularly varying tail with:
• tail exponent 2 if P a (1, 1) < P a (−1, −1) and P b (1, 1) < P b (−1, −1). In particular, in this case, E[τ |(q b 0 , q a 0 ) = (n b , n a )] < ∞.
• tail exponent 1 if P a (1, 1) = P a (−1, −1) and P b (1, 1) = P b (−1, −1). In particular, in this case, E[τ |(q b 0 , q a 0 ) = (n b , n a )] = ∞ whenever n b , n a ≥ 1.
• tail exponent 3/2 otherwise. In particular, in this case,
More precisely, we get: if P a (1, 1) = P a (−1, −1) and P b (1, 1) = P b (−1, −1):
if P a (1, 1) < P a (−1, −1) and P b (1, 1) < P b (−1, −1):
if P a (1, 1) = P a (−1, −1) and P b (1, 1) < P b (−1, −1):
Proof. Immediate using proposition .1.
It will be needed to get the full law of τ , which is, by independence of the bid/ask queues:
We have computed explicitely the Laplace transforms of σ a and σ b (cf. the proof of Proposition .1 above). There are two possibilities: either it is possible to invert those Laplace transforms so that we can compute P[σ a > t|q a 0 = n a ] and P[σ b > t|q b 0 = n b ] in closed form and thus P[τ > t|(q b 0 , q a 0 ) = (n b , n a )] in closed form as in [5] . If not, we will have to resort to a numerical procedure to invert the characteristic functions of σ a and σ b . Below we give the characteristic functions of σ a and σ b :
Proposition .4. Let φ a (t, n) := E[e itσa |q a 0 = n] (t ∈ R) the characteristic function of σ a conditionally on q a 0 = n ≥ 1. We have:
if m a (−it, 1, 1) = 0: .
The coefficient ∆ a (z) can be seen as a coupling coefficient and is equal to 0 when the random variable (V a k , T a k ) doesn't depend on the previous state V a k−1 , for example in the context of [5] .
The characteristic function φ b (t, n) := E[e itσ b |q b 0 = n] has the same expression, with indexes a replaced by b .
Proof. Similarly to the proof of Proposition .1, we obtain (using the same notations but denoting this time a n := L(−it, n, 1), b n := L(−it, n, −1)):
If m a (−it, 1, 1) = 0, we can solve explicitly the above system to get the desired result. If m a (−it, 1, 1) = 0, we get as in the proof of Prop .1 that both a n and b n solve the same following recurrence equation (but for different initial conditions):
Because |m a (−it, j, −1) + m a (−it, j, 1)| = |M a (−it, j)| = ∞ 0 e its F a (j, ds) ≤ 1, tedious computations give us that |λ a + (−it)| > 1 whenever t = 0, where: , 1, 1 ) .
Since both |a n |, |b n | ≤ 1 for all n, it must be that:
with a 1 , b 1 being given by the recurrence equations on a n , b n : , 1, 1 ) .
Finally we conclude by observing that: φ a (t, n) = a n v a 0 (1) + b n v a 0 (−1).
Probability of Price Increase
Starting from an initial configuration of the bid and ask queues, (q b 0 , q a 0 ) = (n b , n a ), the probability that the next price change is a price increase will be denoted p up 1 (n b , n a ). This quantity is equal to the probability that σ a is less than σ b :
Since we know the characteristic functions of σ a , σ b (cf. Proposition .4), we can compute their individual laws up to the use of a numerical procedure. Since σ a and σ b are independent, the law of σ b − σ a can be computed using the individual laws of σ a , σ b , and therefore p up 1 (n b , n a ) can be computed up to the use of numerical procedures to 1) invert the characteristic function and 2) compute an indefinite integral. Indeed, denoting f na,a the p.d.f of σ a conditionally on q a 0 = n a , and F n b ,b the c.d.f. of σ b conditionally on q b 0 = n b , we have:
where F n b ,b and f na,a are obtained by the following inversion formulas:
The stock price seen as a functional of a Markov renewal process
As mentioned earlier, we can write the stock price s t as:
where {X n } n≥0 are the consecutive price increments taking value ±δ, {τ n } n≥0 are the consecutive durations between price changes and {T n } n≥0 the consecutive times at which the price changes.
In this context, the distribution of the random variable τ n+1 will depend on the initial configuration of the bid and ask queues at the beginning T n of the period [T n , T n+1 ), which itself depends on the nature of the previous price change X n : if the previous price change is a price decrease, the initial configuration will be drawn from the distribution f , and if it is an increase, the initial configuration will be drawn from the distribution f . Because for each n the random variable (X n , τ n ) only depends on the previous increment X n−1 , it can be seen that the process (X n , τ n ) n≥0 is a Markov renewal process ( [10] , [16] ), and the stock price can therefore be seen as a functional of this Markov renewal process. We obtain the following result.
Proposition .5. The process (X n , τ n ) n≥0 is a Markov renewal process. The law of the process {τ n } n≥0 is given by:
The Markov chain {X n } n≥0 is characterized by the following transition probabilities:
The generator of this Markov chain is thus (we assimilate the state 1 to the value δ and the state 2 to the value −δ):
We can compute this quantity explicitly:
where π * is the stationary distribution of the Markov chain {X n }:
Further:
and the (conditional) covariance between two consecutive price moves:
Remark .6. In particular, if p cont = p cont , then π * = 1/2 and we retrieve the results of [5] . We also note that the sign of the (conditional) covariance between two consecutive price moves does not depend on the initial configuration of the bid and ask queues and is given by the sign of p cont +p cont −1.
We also note that the quantities p cont , p cont can be computed up to the knowledge of the quantities p up 1 (n b , n a ) which computation was discussed in the previous section. The quantities F (±δ, t) can be computed up to the knowledge of the law of τ , which is known up to the use of a numerical procedure to invert the characteristic functions of σ a and σ b , together with the results of Proposition .4.
Proof. The results follow from elementary calculations in a similar way to what is done in [5] . Indeed, we have:
We also have:
Diffusion Limit of the Price Process
In [5] it is assumed that f (i, j) = f (i, j) = f (j, i) in order to make the price increments X n independent and identically distributed. In fact, this assumption can be entirely relaxed. Indeed, as we mentioned above, (X n , τ n ) n≥0 is in fact a Markov renewal process and therefore we can use the related theory to compute the diffusion limit of the price process. The results of this section generalize the results of Section 4 in [5] .
4.1 Balanced Order Flow case: P a (1, 1) = P a (−1, −1) and P b (1, 1) = P b (−1, −1)
Throughout this section we make the assumption:
(A4) Using the notations of Proposition .1, the following holds:
Using Proposition .3, we obtain the following result generalizing lemma 1 in [5] :
Under assumption (A4), the following weak convergence holds as n → ∞:
where f * (n, p) := π * f (n, p) + (1 − π * ) f (n, p).
Proof. We have:
where for i ∈ {−δ, δ}, N i (n) represents the number of times that X k−1 = i for 1 ≤ k ≤ n; and {p(k, i) : k ≥ 1} the successive indexes for which X k−1 = i. By the standard theory of Markov Chains, we have for i ∈ {−δ, δ}:
→ π * (i), and therefore we have log(Ni(n)) log(n)
a.e. → 1. We recall that π * (δ) := π * , and π * (−δ) = 1 − π * . For fixed i ∈ {−δ, δ}, the random variables {τ p(k,i) : k ≥ 1} are i.i.d. with distribution F (i, ·), and with tail index equal to 1 (by Proposition .3). Using [5] (Lemma 1) together with Proposition .3, we get that:
The latter convergence holds in probability and we finally have:
Let s * := δ(2π * − 1). Using the previous lemma .7, we obtain the following diffusion limit for the renormalized price process s tn log(n) :
Proposition .8. Under assumption (A4), the renormalized price process s tn log(n) satisfies the following weak convergence in the Skorokhod topology ( [14] ):
where W is a standard Brownian motion and σ is given by:
Remark .9. If p cont = p cont = π * = 1 2 as in [5] , we find s * = 0 and σ = δ as in [5] . If p cont = p cont = p, we have π * = 1 2 , s * = 0 and:
Proof. Because m(±δ) := E[τ n |X n−1 = ±δ] = +∞ by Proposition .3, we cannot directly apply the well-known invariance principle results for semi-Markov processes. Denote for t ∈ R + :
where λ n,t := nt − nt . We can show, following a martingale method similar to [16] (section 3), that we have the following weak convergence in the Skorokhod topology:
where W is a standard Brownian motion, and σ is given by:
and (the vector) g is given by:
where Π * is the matrix with rows equal to (π * 1 − π * ). After completing the calculations we get:
For the sake of exhaustivity we also give the explicit expression for g:
Indeed, to show the above convergence of U n , we observe that we can write R n as the sum of a F n −martingale M n and a bounded process:
where F n := σ(τ k , X k : k ≤ n) and X 0 := 0. The process M n is a martingale because g is the unique solution of the following Poisson equation, since Π * b = 0:
The rest of the proof for the convergence of U n follows exactly [16] (section 3).
We proved earlier (lemma .7) that:
where T n := n k=1 τ k . Since the Markov renewal process (X n , τ n ) n≥0 is regular (because the state space is finite), we get N t → ∞ a.s. and therefore:
Observing that T Nt ≤ t ≤ T Nt+1 a.s., we get:
, and therefore:
Let t n := tn log(n). We would like to show as in [5] , equation (17) that:
We have denoted by A n P ∼ B n iff P − lim An Bn = 1. We denote as in [5] ρ : (1, ∞) → (1, ∞) to be the inverse function of t log(t), and we note that ρ(t) t→∞ ∼ t log(t) . The first equivalence in [5] , equation (17): N tn P ∼ ρ tn τ * is not obvious. Indeed, we have N tn log(N tn ) P ∼ tn τ * , and we would like to conclude that N tn = ρ(N tn log(N tn )) P ∼ ρ tn τ * . The latter implication is not true for every function ρ, in particular if ρ was exponential. Nevertheless, in our case, it is true because ρ(t) t→∞ ∼ t log(t) , and therefore for any functions f, g going to +∞ as t → ∞:
log(g(t)) log(f (t)) .
Therefore we see that if f (t) t→∞ ∼ g(t), then by property of the logarithm log(f (t)) t→∞ ∼ log(g(t)) and therefore ρ(f (t)) t→∞ ∼ ρ(g(t)). This allows us to conclude as in [5] that:
Therefore, we can make a change of time as in [16] , Corollary 3.19 (see also [1] , section 14), and denoting α n (t) := Nt n n , we obtain the following weak convergence in the Skorohod topology: (U n (α n (t)), t ≥ 0) ⇒ (σW t τ * , t ≥ 0), that is to say:
The law of large numbers result comes from the fact that 
Other cases: either
In this case, we know by Proposition .3 that the conditional expectations E[τ k |q b 0 = n b , q a 0 = n a ] are finite. Denoting the conditional expectations m(±δ) := E[τ k |X k−1 = ±δ], we have:
Throughout this section we will need the following assumption:
(A5) Using the previous notations, the following holds:
For example, the above assumption is satisfied if the support of the distributions f and f is compact, which is the case in practice. We obtain the following diffusion limit result as a classical consequence of invariance principle results for semi-Markov processes (see e.g. [16] , section 3):
Proposition . 10 . Under assumption (A5), the renormalized price process s nt satisfies the following convergence in the Skorokhod topology:
where W is a standard Brownian motion, σ is given in Proposition .8 and:
Proof. This is an immediate consequence of strong law of large numbers and invariance principle results for Markov renewal processes satisfying m(±δ) < ∞ (see e.g. [16] section 3). In the previous article [16] , the proof of the invariance principle is carried on using a martingale method similar to the one of the proof of proposition .8.
Numerical Results
In this section, we present calibration results which illustrate and justify our approach.
In [5] , it is assumed that the queue changes V b k , V a k do not depend on their previous values
≈ 1/2 (and similarly for the ask side). Here, we challenge this assumption by estimating and comparing the probabilities P (−1, 1) Vs. P (1, 1) on the one side and P (−1, −1) Vs. P (1, −1) on the other side to check whether or not they are approximately equal to each other, for both the ask and the bid. We also give -for both the bid and ask -the estimated probabilities P[V k = 1], P[V k = −1] that we call respectively P (1), P (−1), to check whether or not they are approximately equal to 1/2 as in [5] .
The results below correspond to the 5 stocks Amazon, Apple, Google, Intel, Microsoft on June 21 st 2012 1 . The probabilities are estimated using the strong law of large numbers. We also give for indicative purposes the average time between order arrivals (in milliseconds (ms)) as well as the average number of stocks per order. Findings: First of all, we find as in [5] that for all stocks, P[V k = 1] ≈ P[V k = −1] ≈ 1/2, except maybe in the case of Apple Bid. It is worth mentioning that we always have P (1) < P (−1) except in 3 cases: Google Ask, Intel Ask and Microsoft Ask. Nevertheless, in these cases, P (1) and P (−1) are very close to each other and so they could be considered to fall into the case P (1) = P (−1) of [5] . These 3 cases also correspond to the only 3 cases where P (1, 1) > P (−1, −1), which is contrary to our assumption P (1, 1) ≤ P (−1, −1). Nevertheless, in these 3 cases, P (1, 1) and P (−1, −1) are very close to each other so we can consider them to fall into the case P (1, 1) = P (−1, −1).
More importantly, we notice that the probabilities P (−1, 1), P (1, 1) can be significantly different from each other -and similarly for the probabilities P (−1, −1), P (1, −1) -which justifies the use of a Markov Chain structure for the random variables {V b k }, {V a k }. This phenomenon is particularly visible for example on Microsoft (Bid+Ask), Intel (Bid+Ask), Apple (Bid+Ask) or Amazon Ask. Further, regarding the comparison of P (1, 1) and P (−1, −1), it turns out that they are often very smilar, except in the cases Amazon Bid, Apple Bid, Google Bid.
The second assumption of [5] that we would like to challenge is the assumed exponential distribution of the order arrival times T a k , T b k . To this end, on the same data set as used to estimate the transition probabilities P a (i, j), P b (i, j), we calibrate the empirical c.d.f.'s H a (i, j, ·), H b (i, j, ·) to the Gamma and Weibull distributions (which are generalizations of the exponential distribution). We recall that the p.d.f.'s of these distributions are given by:
Here, k > 0 and θ > 0 represent respectively the shape and the scale parameter. The variable k is dimensionless, whereas θ will be expressed in ms −1 . We perform a maximum likelihood estimation of the Weibull and Gamma parameters for each one of the empirical distributions H a (i, j, ·), H b (i, j, ·) (together with a 95 % confidence interval for the parameters). As we can see on the tables below, the shape parameter k is always significantly different than 1 (∼ 0.1 to 0.3), which indicates that the exponential distribution is not rich enough to fit our observations. To illustrate this, we present below the empirical c.d.f. of H(1, −1) in the case of Google Bid, and we see that Gamma and Weibull allow to fit the empirical c.d.f. in a much better way than Exponential.
H(1,-1) -Google Bid -June 21 st 2012.
We summarize our calibration results in the tables below. 
Amazon Bid

